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PROOFS FOR THE EXISTENCE OF THE NATURAL NUMBERS

oo can exist without an explicitly specified container: 3oV oo; 1 can also exist without an explicitly specified
container: 31V1.

Prove 31V1.
Proof: Suppose 1is o .. oo is a container. But, o is not a container; (oo is not a container) and (oo is a container) =» €
V1. 1lisnotoo ~31V1. Q.E.D.

By induction, this section proves the existence of the natural numbers 3n YneN, N={1, 2, 3, ... } learnt since
kindergarten starting from the 31V1€N proof. For example, prove 32 V2€N, and, 2 is not & V2€N. Then this paper
proves that N is a container with 3card(N)= X where X is not J, and verification of (X is not infinity VX). At the end, the
paper shows that each element in N is a container with cardinality of 1. (Note that although & in N, mathematical
inductions start with 1eN instead (J.) 7 2= # (Huo Jian Hua’s) Definition of Boundedness is also essential to lay the
groundwork: [x is y] = [y is bounded] Vx, y.

Prove [x isy] = [y is bounded] Vx, y.
Proof: Note from the previous proof: [x is y] = [y is a container]. - [y is a container] = [y belongs to a container] by
[Table XY1] - y is bounded V¥, y, by Huo Jian Hua’s Definition of Boundedness. Q.E.D.

J1VieN
The container of 31V1 is unspecified. However, 1 can be in N, so 1 can be with N being a container: 1€N.

Prove 1€N.
Prove: 1inN ~1eN. Q.E.D.

Further, 1 can exist with N being a container: 31 V1€N.

Prove 31V1€EN.
Proof: Suppose 1is oo ..o is bounded. But, « is not bounded; (oo is not a bounded) and (o is a bounded), =» €V1€N,
.. lisnotoo . 31V1EN. Q.E.D.

Prove 1 is not &J V1€EN.
Proof: By [Table EQ] (3) from Supporting Proofs for the Empty, [1=1]=[1 in 1]. The count of 1in 1is 1, so card(1)=1+0
~ 1lisnot @ V1eN. Q.E.D.

Therefore, the existence of the natural number 1 is nontrivial. This completes the first step of the induction
process in the AnVneN proof.

All rights-benefits belong to 2 # (Huo Jian Hua) by His Definition of Boundedness contract guarantee.



dn VneN

Prove that nis not o Vn € N.
Proof:
31V1€eN -~ 1is not . Assume n € N is not oo, yet (n+1) in N . (n+1)€eN. Suppose (n+1) is o ..c0 is bounded.

But, o is not bounded; (w0 is not bounded) and (w is bounded), = € V(n+1)eN .. (n+1)is not o ..nis noto ¥n € N.
Q.E.D.

Prove 3nVneN.

Proof: 31 V1eN.Assume dn VneN . nisnot . (n+1)in N, so (n+1)EN ..(n+1) is not 0. .. 3(n+1)EN.
Restate the Definition of Existence:
[3x 1< X is not o] Vx, equivalently, [ X is not w0] < [3Ix ] vx.
~ [3(n+1)EN]<=[(n+1)EN is not ] V(n+1)EN ~ [(n+1)EN is not ] [3(n+1)EN] ¥(n+1)EN.
~ 3AneN VneN ~3n VneN. Q.E.D.

Prove n is not & VneN.

Proof: 1isnotd V1€eN. Assume n is not & VneN. (n+1)€N, the count of (n+1) in (n+1) is 1.
~ card(n+1)=1#0 ..(n+1) is not & V(n+1)EN. ~nis not & VneN. Q.E.D.

Therefore, every existence of a natural number in N is nontrivial. For example, prove natural number 2
exists and nontrivial.

32 v2€N, An Example.

Prove 2 EN.
Proof: 2in N ..2€N. Q.E.D.

2€N verifies that 2 is a natural number.

Prove 72 V2 EN.
Proof: 2€N .. n=2.3nVneN .32 ¥2eN. Q.E.D.

Prove 2 is not & V2EN.
Proof: 2€N, son=2.nis not & VneN .. 2is not & V2eN. Q.E.D.

Therefore, the existence of the natural number 2 is nontrivial.

All rights-benefits belong to 2 # (Huo Jian Hua) by His Definition of Boundedness contract guarantee.



Card(N)=ReN
The cardinality of N is a nonempty natural number X in N. To prove Card(N)=R€EN, we need the Definition of
Sub-container, and Huo Jian Hua’s Definition of Boundedness.

Definition of Sub-Container
[C.ECL]e[x in C, VXeC, x in Cp] VC,,Co.

Prove Definition of Sub-Container: [CoSCp] &[x in Cq; VX €Cy x in Cp] Vo, Co.

Proof:

G | G |CCChxin Ca VXECax in Cp|[CaSCh] ©[x in Ca VXECa x in Co)

T T T T T

T|F|F F T

T|o] F F T

FlT] F F T

Flr] T T T

Flao]| F F T

%] T T T T

%) F T T T

g\ o T T T [Table SubC]
Q.E.D.

Prove Shn={1, 2, 3, ... n}is a container with Jcard(Sn)=n vSy, neN.

Proof: 1inS; -~ S, is a container with card(S;)=1 in N .card(S;)=1€N. Suppose card(S;)=1 is o o0 is bounded. But, o is
not bounded; (o is not bounded) and (o is bounded) =» € Vcard(S;)=1 -.card(S,)=1 is not o ~3card(S;)=1 VS;. Assume S,
is a container with 3card(S,)=n, neN. n+1in S, ;1 =(1, 2, 3, ..., n, n+1}, ~ S, 1 is a container. S, has a count of n+1
elements in S, 41 ~-card(Sp41)=n+1. The n+1is in N .(n+1)EN. Suppose card(S,,;1)=(n+1) is co ..c0 is bounded. But, o is
not bounded; (o is not bounded) and (oo is bounded) =» € Vcard(S,,1)=(n+1) -.card(S,;1)=(n+1) is not oo
~3card(Sy4+1)=(n+1) .S, is a container with Jcard(S,)=n vS,,, neN. Q.E.D.

Prove Sh€N VSn, N.
Proof: 1inS; V1€S; 1in N .S;EN. Assume xin S,, Yx€S, xin N. Forxin S, Vx€S,,,; xalsoin N .S, {€N. ~§ €N
VvSh, N. Q.E.D.

Prove ShnEN =card(Sn)eN VS,,nEN.,
Proof: Let(S=S;) - S;EN,3Jcard(S;)=1, 1€N.
Assume (S=S,), SLEN, Jcard(S,)=n, nEN.
(S=Sp4+1)- But, n+lisin N, so (n+1)EN.
=~ 1.S,41EN VS, n+leN.
2. Sn+1is a container with dcard(Sn+1)=n+1 ¥Sn+1, n+1€N.
Sn+1EN, Acard(S,41)=n+1, (n+1)EN. -~ S,.EN =card(S.)eN VS,,neN. Q.E.D.

Prove NEN V¥N.
Proof: xin N VxeNxinN ~NCEN V¥N. Q.E.D.

Prove |N| is not oo V|N| where |[N] is a cardinality of N.

Proof: Suppose |N]| is oo o0 is a container. But oo is not a container, (oo is not a container) and (o is a container)
= € V|N| ~|N] is not oo V|N|. Q.E.D.

All rights-benefits belong to 2 # (Huo Jian Hua) by His Definition of Boundedness contract guarantee.



Prove 3|N |V |N].
Proof: |N|isnotoo ~3|N|V|N]| Q.E.D.

Prove 3|N |V |N|eN, where |N| is cardinality of N.
Proof: N ={1,2,3,..}.

LetSl={1} i SlgNll Sl|=1 ) 1€N'.3| Sllz 1,...| 51|€N.
Assume S, = {1,2,3,...n}, S, €N,| S,/=n , neN .3 S,|= n, .| S,|€N.
Spvs ={1,2,3,..n,(n+ 1)},S,41 SN, [S,4q] = (+1), (n+1) €N ~3S, 44| = (n+1), ~]S,4] €N.

.S, €N, 3| S,| = n, V|S,|€N.

+S, €N, 3IS,|V|S,|EN

+ NC N, 3|N| V|N|

-~ N is a special case of S, where Sy= N.

S SlNl c N, 3|S|N|| VlSlNl | € N. Because S|N|= N,
NCcN, 3N |[VIN |eN.

LetX=|N|~N={1,2,3,..K8}LXin N ~XeN.

Sx:{l, 2,3, .. N} ~ Sx€N and NCSx - Sx=N.

~.Sx © N, 3|Sx| V|Sx|€ N.

But, Sx=N, ..N € N, 3|N| V|N|€ N. Q.E.D.

From the proof of 3|N| V|N| € N .. [N] in N. Although |N| is cardinal number, because we are able to show that |[N| € N
through S|N|= N, for N by induction, |N| in N .. |[N| is also a natural number in N, denoted by X .. 3N ¥X € N.

Prove RelR.
Proof: 1inN, yet1in R also;assume nin N and nin R. But, (n+1) in N, also (n+1) isin R. XeN..XeR. Q.E.D.

Verify that X is not infinity VX.

Proof: 1< Xand X < 2¥ where 1,2, X € R. - X is bounded from below by 1, and X is bounded from above by 28 .
1< R <28 & Re[1, 28] =R in [1, 2] =X belongs to [1, 2¥] ~-X is bounded, by Hou Jian Hua’s Definition of
Boundedness. (*)

Verification 1) Suppose X is infinity - X is unbounded R is not bounded. But, by (*) X is bounded; (X is bounded)
and (X is not bounded) =» € VR X is not infinity VX.

Verification 2) Suppose X is infinity - X is not a number. But, XeR X is a real number X is a number; (X is a
number) and (X is not a number) = €VRX X is not infinity VX. Q.E.D.

All rights-benefits belong to 2 # (Huo Jian Hua) by His Definition of Boundedness contract guarantee.



The Nontrivial Existence of X

To show that the existence of X is not trivial, we need to prove that X is not &. To prove X is not &, we need to show
card(X)=0.

Prove card()=0.
Proof: There is 0 element in &, so card(J) is 0. Q.E.D.

Prove that if card(C)=0 then Cis & VC.
Proof: Let container C, card(C)=0 - there is no element in C . Cis empty - Cis & VC. Q.E.D.

Prove 1€1 V1eN.,
Proof: By [Table EQ](3) from Supporting Proofs for the Empty, [1=1]=[1in 1] ~1€1 V1eN. Q.E.D.

Prove 1 is a container V1eN.
Proof: 1€1 ~1in 1 .. 1 is a container V1€N. Q.E.D.

Prove card(1)#0 V1eN.
Proof: The container 1 has only 1 count of elementin 1. The element is 1 itself. - card(1)=1+#0 - card(1)#0 V1eN.
Q.E.D.

Prove 1 is not & V1eN.

Proof:
Suppose 1is & .. card(1)=0. But, card(1)#0; card(1)#0 and card(1)=0 =» € V1¢eN ..1 is not & V1eN. Q.E.D.

Prove card(n)#0 VneN.

Proof:
The card(1)#0. Assume card(n)=0. But, (n+1)eN .. card(n+1)=1%0 - card(n)#0 VneN. Q.E.D.

Prove nis not & ¥neN.

Proof:
1€eN, 1is not &. Assume neN, n is not &J. But, (n+1) is also in N .(n+1)€N, and, card(n+1)=1+0. ..n+1 is not
&~ nisnotJ V¥neN. Q.E.D.

Prove X is not & VXeN.
Proof: nis not & VneN. Since XeN ~.X is not & VXeN. Q.E.D.

Therefore, the existence of X is nontrivial because X is not J VXeN. For the existence of X, we can proceed to
prove that N is a container with Jcard(N)=R VN, X.

Prove card(N)>0.
Proof: N={1,2,3,..}.1inN .~ 1e N . card(N)>1>0. Q.E.D.

Because card(N)>0, so N is not empty, and therefore N is nontrivial.

Prove that N is a container with 3card(N)= R VN, X.

Proof: Note thatS, ={1, 2, 3, ... n}is a container with 3card(S,)=n VS, neN.
N is a special case of S;,. ~ Sy is N. Sy is a container with Jcard(Sg)= X VSy, XeN. But, Sxis N ~ N is a container with

Jcard(N)=X ¥N, XeN. Q.E.D.

All rights-benefits belong to 2 # (Huo Jian Hua) by His Definition of Boundedness contract guarantee.



Prove that nis a container with 3card(n)=1 VneN.

Proof: 1in1 ..1isa container. For each 1 in container 1, there is 1 count of 1 in the container 1, so card(1)=1.
Suppose card(1)=1 is infinity -~infinity is bounded. But, infinity is not bounded; (infinity is not bounded) and
(infinity is bounded) =» € Vcard(1)=1 - card(1)=1 is not infinity -~3card(1)=1. Assume n is a container with
Jcard(n)=1. (n+1) in (n+1) .. (n+1) is a container. For each (n+1) in the container (n+1), there is 1 count of (n+1)
in the container (n+1), so card(n+1)=1. Suppose card(n+1)=1 is infinity -infinity is bounded. But, infinity is not
bounded; (infinity is not bounded) and (infinity is bounded) =» € Vcard(n+1)=1 .. card(n+1)=1 is not infinity
~3card(n+1)=1. ..nis a container with 3card(n)=1 ¥neN. Q.E.D.

With the Definition of Existence, we can justify the existence of natural numbers. The paper has shown that
the natural number 2, for example, exists by applying the 3nVneN derived from the Definition of Existence. In
turn, the use of Huo Jian Hua’s Definition of Boundedness has led to the Definition of Existence proof. By induction,
we know that the natural number R exists and is nontrivial, and, each element in N exists and is nontrivial (i.e.,
each natural number has a nontrivial existence). Thank # & # (Huo Jian Hua) for His Definition of Boundedness.
All rights-benefits of N belong to Huo Jian Hua by the guaranteed contract term for that first “on use” of Huo Jian
Hua'’s Definition of Boundedness.

All rights-benefits belong to 2 # (Huo Jian Hua) by His Definition of Boundedness contract guarantee.
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